A first testing ground for QED in the combined presence of a strong Coulomb field and a strong magnetic field is provided by the precise measurement of the hyperfine structure splitting of hydrogenlike 209 Bi. We present a complete calculation of the one-loop self-energy correction to the first-order hyperfine interaction for various nuclear charges. In the low-Z regime we almost perfectly agree with the Za expansion, but for medium and high Z there is a substantial deviation.
PACS numbers: 31. 30 .Gs, 31.15.Ar, 31. 30.Jv Very recently it was reported that for the first time the hyperfine structure splitting of a hydrogenlike high-Z atom was observed with a high relative accuracy of about 10 24 at the ESR at GSI, Darmstadt. The transition energy of the ground state hyperfine structure splitting of 209 Bi 821 was measured to be DE 5.0840͑8͒ eV [1] . This has challenged theory to perform calculations with comparable accuracy, including also one-loop QED corrections. The new experimental situation opens up a possibility to perform a novel test of QED in a combined strong magnetic field and a strong Coulomb field.
The leading QED effects are of two types: vacuum polarization and self-energy corrections. The vacuum polarization correction is relatively straightforward to compute, using an Uehling-like approximation. This contribution was calculated to be DE VP 10.035 eV quite recently [2] . The remaining Wichmann-Kroll contribution is very small. The one-loop self-energy correction, on the other hand, is more difficult to elaborate, and earlier calculations using an Za expansion of the Coulomb field are correct only up to order a͑Za͒ 2 mc 2 [3] [4] [5] [6] [7] . For heavy elements such an expansion is not reliable. Therefore it is necessary to calculate the self-energy contribution to all orders in Za. In this Letter we present the first complete calculation of this type for different nuclear charges ranging from Z 1 to Z 92 using similar techniques as published earlier in Refs. [8] [9] [10] [11] [12] .
First we give a brief outline of the computation of the self-energy correction and later we discuss the numerical results. A more detailed analysis of the calculation of QED corrections to the hyperfine interaction will be presented in a forthcoming paper [13] .
In a previous paper it was shown that the unrenormalized self-energy correction for a bound electron state can be written in Feynman gauge as [9] E bou ͑a͒ 2 a pX l0
where a m a m ͑1 2 a ? a͒, C ͓l͔ q is the q component of the spherical angular tensor of order l, j l ͑kr͒ denotes the spherical Bessel function of order l, and ja͘ represents the reference state. There is also a corresponding mass counter term.
To calculate the self-energy corrections to the hyperfine structure we treat the magnetic potential A͑ r ͒ as a perturbation of the system. This perturbation will affect the binding energy of the bound electron, the wave function, and the bound propagator as already sketched out in Ref. [14] 
Following the diagrammatic depiction of the S-matrix formulation, the unrenormalized wave function modification is the nondegenerate part of the diagrams in Figs. 1(a) and 1(b). The binding energy correction is obtained from the degenerate part after subtracting the corresponding unlinked product of first-order S-matrix elements [15, 16] . The modification of the propagator corresponds to the vertex correction diagram in Fig. 1(c) .
The wave-function modification term will take the form
where the sum explicitly excludes E m E a . There is also a corresponding mass counterpart. The vertex correction leads to the following expression:
where we have introduced the function F defined by
For the binding energy modification term the formula reads as follows:
In order to isolate the ultraviolet divergencies we have used the dimensional regularization and generalized the procedure of [17] for an external magnetic interaction. The infrared divergencies can explicitly be shown to cancel. The numerical evaluation of the finite parts is made along the same lines as in [12, 18, 19] . To compare our results with the Za expansion we introduce the functionF defined by
Here, DE 
It should be noted that the expansion is based on a nonrelativistic point nucleus treatment and F͑Za͒ is defined as Eq. (9) but with the corresponding nonrelativistic point-nucleus first-order value. The constant term in the expansion is the Schwinger correction of the magnetic moment of the electron. The values ofF and F͑Za͒ for nuclear charges Z, ranging from Z 1 to Z 92, are given in Table I and are displayed in Fig. 2 . For low Z the agreement is perfect, while for higher Z the two results differ substantially. In the numerical calculation a point nucleus charge distribution was used for low Z, but for Z . 18 we have included the effect of a finite nuclear charge distribution both in the self-energy and in the first-order computation.
For the first-order hyperfine interaction. The major nuclear effect on this first-order calculation is the extended nuclear charge which can be handled using realistic charge distributions (Fermi and Fermi-Gauss distributions) [21] .
The uncertainty between the different nuclear charge distributions is about 0.02% of the first-order hyperfine interaction. A more limiting uncertainty is given by the extended nuclear magnetization distribution, the BohrWeisskopf effect [22] , which has received considerable interest lately [23 -26] . We will here use the most elaborated calculation by Tomaselli et al. [25] . This yields a contribution of DE 1.ord. 5.085͑8͒ eV for the firstorder hyperfine interaction and a total theoretical value of DE 1.ord. 5.058͑8͒ eV. Uncertainties due to missing contributions, like the Wichmann-Kroll magnetic loop correction, are estimated to be rather small.
The magnetic dipole moment of the Bi nucleus is currently given as m Bi 4.1106m B [27] [28] [29] . This is based on an old NMR measurement in a liquid solution. This value includes the diamagnetic correction for a free ion, but not the shift due to the chemical environment.
The latter effect is hard to estimate, but it is typically of the order of a few tenths of a percent and in extreme cases it can be even larger [30] . The chemical shift causes presently the largest uncertainty of the theoretical value of the hyperfine interaction. A more precise measurement of the magnetic dipole moment would therefore be highly desirable. In summary, we have accomplished a complete calculation of the one-loop self-energy correction to the firstorder hyperfine interaction valid for the whole Z range. As required, the agreement with the Za expansion is almost perfect for low Z. For medium and high Z there is a substantial difference resulting from our inclusion of higher-order terms in Za. Also relativistic corrections and finite size effects beyond the first-order value comes [1] in. For the special case of the very accurate measurement of bismuth the theoretical and the experimental values are in fair agreement, keeping in mind the large chemical shift uncertainty.
